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Abstract
The rapid increase of wealth inequality in the past few decades is a most disturbing social
and economic issue of our time. In order to control, and even reverse that surge, its origin
and underlying mechanisms should be revealed. One of the challenges in studying these
mechanisms is to incorporate realistic individual dynamics in the population level in a selfconsistent manner. Our theoretical approach meets the challenge by using interacting
multi-agent master-equations to model the dynamics of wealth inequality. The model is
solved using stochastic multi-agent iterated maps. Taking into account growth rate, return
on capital, private savings and economic mobility, we were able to capture the historical dynamics of wealth inequality in the United States during the course of the 20th century. We
show that the fraction of capital income in the national income and the fraction of private
savings are the critical factors that govern the wealth inequality dynamics. In addition, we
found that economic mobility plays a crucial role in wealth accumulation. Notably, we found
that the major decrease in private savings since the 1980s could be associated primarily
with the recent surge in wealth inequality and if nothing changes in this respect we predict
further increase in wealth inequality in the future. However, the 2007–08 financial crisis
brought an opportunity to restrain the wealth inequality surge by increasing private savings.
If this trend continues, it may lead to prevention, and even reversing, of the ongoing inequality surge.

Introduction
The surge in wealth inequality is one of the most disturbing social and economic issues of our
time. The rapid increase in wealth inequality, mainly in western economies, has generated
much effort to understand the origin and possible control of this trend [1–7]. For a comprehensive review of historical theories and analyses of wealth inequality please refer to Piketty
[1]. Wealth inequality is generally thought to impose instabilities on economies and on the social structure of countries [1, 8–12]. Quantification of wealth inequality dynamics during the
period 1930–2010 is depicted in Fig 1. Using the data for the share of wealth owned by different
fractiles of the population, it is also possible to reconstruct the distribution of wealth within the
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population, presented in Fig 1. The Lorenz curve associated with this distribution and a theoretical approximation to a log-normal distribution are also presented in Fig 1. These results are
consistent with previously known analyses of the wealth distribution. Other distributions, such
as the Pareto and the stable Lévy, describe well the distribution of the high levels of wealth [13,
14]. However, the log-normal distribution is a better approximation of the lower wealth values
[15–19].
A wide variety of factors have been proposed as effectors determining the wealth inequality
dynamics, among them the changes in social structure and culture [20], the dramatic historical
events of the 20th century [1], the basic essence of the capitalistic system [1, 11] and others suggested by historians and social scientists. Economists suggested other factors, such as taxation
[1, 21–23], the democratization of education [24], technological advances and their effect on
labor [25, 26], the rise of the financial sector [27, 28] and the dynamics of private savings [29–
31]. In Piketty’s monumental work [1], he presents various mechanisms that contribute to the
convergence and divergence of wealth inequality. His work also predicts that as long as the
nominal return on capital investments (r) substantially overcomes the growth rate (g), the
wealth inequality is expected to continue to increase, which may lead to social catastrophe if no
measures are taken in order to reverse this trend.
The rationale behind the proposed factors and underlying mechanisms of the wealth inequality surge is generally accepted. However, a quantitative analysis is needed in order to understand the ways by which the different factors affect the wealth inequality dynamics and
compare between the effects of the various factors. In simple words, we need to identify which
of the factors play a major role and which a secondary role. Such an analysis will provide necessary information for policy making aiming to immediately suppress the soaring rate in wealth
inequality and even further reduce it in the future.
Agent-based or individual-driven models for the dynamics of wealth accumulation have
been recently studied, though not relating their results directly to wealth inequality. Other
models generally ignore the strong interaction between agents within the population when addressing inequality [25, 29, 32]. Another model type incorporates wealth exchange between individuals in order to provide theoretical insights on the shape of the wealth distribution [16,
18, 19, 33–36]. Other models emphasize the importance of intergenerational elasticity and inheritance [29, 37, 38].
Here, we present a new approach of agent-based master equation devised to study the dynamics of the wealth inequality. The master equation describing the multi-agent dynamics is
solved using stochastic multi-agent iterated maps. We incorporate in the model published information regarding the return on capital, growth rate, private savings and economic mobility
as the parameters that govern these dynamics. The new framework allows us to bridge between
the individual and population levels in a self-consistent manner. It also provides a theoretical
framework to quantify the contributions of the factors affecting the wealth inequality dynamics
and offers a valuable test-bed for predicting the effect of various policies on wealth inequality.
By implementing the modeling framework using a numerical simulation and considering
the historical data for the different parameters in the US economy from 1930 to 2010, we compared and found an excellent agreement between the model and the historical dynamics of
wealth inequality over this long period of time. As mentioned above, the new theoretical framework can be used as a predictor too, thus investigating the relative effect of the various parameters on future wealth inequality. It can be used to test which of the mechanisms that govern the
dynamics of wealth inequality is primarily associated with the recent surge. We were also able
to provide insights on the processes which might lead to the reduction of wealth inequality.
We point out the important distinction between income inequality and wealth inequality.
Income inequality is usually easier to measure, and is the subject of the majority of the work
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Fig 1. The distribution of wealth in the United States 1930–2010. A: The probability density reconstructed
from the compiled historical data for 2007 (blue) and the probability density function of the approximated lognormal distribution (μ = 11.4 and σ = 1.75) (dashed red); B: The Lorenz curve of the wealth distribution for
compiled historical data (blue) and for an approximated log-normal distribution (dashed red). The log-normal
distribution parameters used were μ = 11.4 and σ = 1.75; C-E: The share of wealth owned by the top 10% of
the population (C), the top 1% (D) and the top 0.1% (E). The presented data are by the courtesy of Gabriel
Zucman [22, 23].
doi:10.1371/journal.pone.0130181.g001
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published regarding economic inequality. In this work we study the dynamics of wealth inequality and not of income inequality. The two notions are closely related and sometimes very
correlative. However, this is not always the case. In Denmark, for instance, the income inequality is one of the lowest in the world, while the level of wealth inequality is one of the highest in
the world [39, 40]. For additional data regarding wealth inequality in different countries please
refer to S1 Fig in the SI.

The Modeling Framework
As mentioned earlier, we devised an agent-based master equation model for the wealth inequality dynamics. This master equation is presented by a set of stochastic differential equations of the individual wealth at discrete times. Hence, the model can be viewed as a set of
coupled stochastic iterated maps of the individual wealth. Each equation incorporates a term
describing the time change and propagation (between agents) of the wealth and labor income
of individuals within the population. The individuals are characterized by two internal variables—their corresponding wealth and income deciles that govern their wealth dynamics. Furthermore, these internal variables themselves change in time for each individual, following the
population collective dynamics and the individual dynamics. Therefore, the interaction between individuals within the population comes into play via those variables and their dynamics, as is detailed further below. In addition, we consider the processes of wealth gained by
capital and by saving labor income and rent income for each individual. We also assume that
labor income increases/decreases generally following the economic growth rate [1, 32] and incorporate economic mobility into the dynamics of labor income.
In short, the model describes the accumulation of wealth gained by individuals from capital
and labor income, attenuated by spending. The labor income itself changes in time and is shuffled within the population through the economic mobility. For details regarding the model implementation, please refer to the Methods section.
More specifically, we formulate a stochastic iterated map for the wealth of the coupled individuals. The iterated map of the wealth dynamics of agent (i) at time n, Wi(n), owned by each
is given by:
Wi ðn þ 1Þ ¼ Wi ðnÞþ
G½n; wLi ðnÞ ½Li ðnÞ þ ZðnÞWi ðnÞþ

ð1Þ

R½n; wWi ðnÞ ½1  ZðnÞkðnÞWi ðnÞ :
Eq (1) describes the accumulation of wealth for each individual (i) between time n and time
n+1. In each iteration, income from savings (the second term in the right hand side) and income from the return on wealth (or the capital income that is the third term in the right hand
side) are added to the wealth calculated in the previous iteration Wi(n).
The savings term represents two sources of savings—stochastic labor income [Li(n)] and
rent income [η(n) Wi(n)]. The total amount of savings is given by a fraction of the sum of these
sources. This fraction is denoted Γ[n, χLi(n)], and is the product of two functions, for which the
historical values are given: the relative savings fraction from the total income dependence on
decile, ΘΓ[χLi(n)], and the savings fraction from the disposable income, Γ0(n) [41–43].
The disposable income fraction depends on the labor income. This dependence is introduced through the labor income decile, χLi(n), as illustrated in Fig 2. The rent income is a fraction of the wealth, denoted η(n) Wi(n), where η(n), the rent fraction, is taken from historical
data [23].
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Fig 2. The characteristic behavior of the stochastic model. A: An illustration of the division to deciles—
every time step i, each individual, with labor income L and wealth W is attached to a certain decile in labor
income (χL) and wealth (χW) according to the distribution of the entire population; B: The decile mobility for 10
years is calculated following equation Eq (2) with P ranging from 0 to 0.4 per year. The decile mobility in the
US was 75%–80% for 10-year periods during the past 50 years [44], leading to P values of 0.15–0.2 per year.

PLOS ONE | DOI:10.1371/journal.pone.0130181 June 24, 2015

5 / 21

The Origin and the Possible Control of the Wealth Inequality Surge

The dashed red curve demonstrates that the decile mobility exponentially increases with P; C: The
dependence of ΘΓ on the labor income decile [41–43]; D: The dependence of ΘR on the wealth decile; E: The
model results for the distribution of wealth in the United States. The results were calculated for the historical
values of the model parameters in the period 1930–2010, after 10 years (purple), 50 years (pink) and 80
years (light blue).
doi:10.1371/journal.pone.0130181.g002

The stochasticity of the labor income is incorporated in the iterated map as follows: The
labor income is assumed to increase or decrease generally following the economic growth [1,
32]. In addition, due to economic mobility, the income of an individual can significantly
change with some probability, denoted by P. The dynamics of the stochastic labor income Li(n)
owned by each individual (i) at time step [n−(n+1)] are given by:

Li ðn þ 1Þ ¼

8 Y
n
>
>
< L~  ½1 þ g~ðjÞ
>
>
:

with probability P

j¼1

ð2Þ

Li ðnÞ  ½1 þ g~ðnÞ otherwise;

where L~ is a value randomly chosen from the distribution used for the initial values of the population labor income. This distribution was taken from the actual income distribution in the
US as presented in [22, 23].
The effective growth rate of the labor income g~ðnÞ is dependent on the gross domestic product (GDP) real growth rate and is calculated using the historical data for the GDP growth rate
and the fraction of wealth income from the total national income, that is termed α[1, 23]. This
ensures the labor income proper propagation in time. For details regarding the calculation of g~,
please refer to the Methods section.
The decile mobility of a population is defined by the fraction of individuals that change
their labor income decile within a given time interval [44]. Fig 2 depicts the dependence of the
decile mobility on the value of the mobility probability P for an interval of 10 years. This way,
the value of P is derived using the historical data for the decile mobility [44].
The capital income term in Eq (1) (the third term in the right hand side) represents the return earned from the individual’s investments and holdings, subtracted by the rent fraction.
The return rate, R[n, χWi(n)], is the product of two functions: the return dependence on wealth
decile, ΘR[χWi(n)], and the nominal rate of return, R0(n), for which the historical data are
given [23].
A typical dependence of ΘR[χWi(n)] on χWi(n) is depicted in Fig 2. We assume a linear dependence and set max(ΘR) (or ΘR(10)) to be 1.7. In order to properly estimate this value, the
model was implemented, taking into account the historical values of each parameter for different values of max(ΘR). The results of this parameter estimation are presented in Fig 3.
In the case for which ΘR[χWi(n)] is constant, no increase in wealth inequality can be possible,
based on capital accumulation. Given that the return rate is the same for all deciles, the share of
wealth owned by the top deciles will not increase and will only decrease or stay unchanged.
The positive correlation between ΘR[χWi(n)] and χWi(n) is originated by better terms of investment and more profitable investment possibilities accessible to rich individuals, but inaccessible to the poor. In addition, taking large risks, which is usually accompanied by a potential to a
larger profit, is easier for the rich [1, 11, 45, 46].
We assume that all wealth deciles generally receive capital income. In practice, the lowest
deciles might have negligible capital income. However, even if we neglect the capital income of
the lowest wealth deciles, the results of the model change insignificantly. In order to test this
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Fig 3. The dependence of the model results on max (ΘR). A: The dependence of the correlation between
the model results and the historical data on max (ΘR) (black). Also presented is the dependence of 1/L2 metric
between the model results and historical data on max (ΘR) (dark grey); B: The model results for the top 10%
share of wealth in the United States during 1930–2010 for different values of max (ΘR). The results produced
by implementing the described model were calculated using the historical data for the various parameters
[22, 23]. The historical data (blue) were taken from Saez and Zucman [22].
doi:10.1371/journal.pone.0130181.g003
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argument, we performed several runs of the model in which we did not consider any capital income received by the lowest two wealth deciles. It was found that the results changed in less
than 0.1% on average. Therefore, we continue with the dependence of ΘR[χWi(n)] as presented,
for the calculations to come.
The distribution of wealth in the population is used to determine the initial value of wealth
for each individual. As previously observed (see Fig 1), it approximately follows a log-normal
distribution. Fig 2 depicts the resulting wealth distribution for several time periods. The general
log-normal behavior is conserved. In addition, since wealth and labor income originate from
different distributions, they should be normalized. A normalization factor, κ(n) multiplies the
contribution of income originated from wealth under the constraint that the historical values
of the fraction of wealth income from the total national income (α) are maintained. For details
regarding the calculation of the normalization factor, please refer to the Methods section.
The model enables to estimate the sensitivity of wealth inequality dynamics to each of the
model parameters. It was found that on average, Vα = 0.6, meaning that a relative change of 1%
in α is likely to result in an increase of approximately 0.6% in the wealth inequality. Additionally, VΓ0 = −0.4, Vη = −0.1 and Vg = 510−4. These results indicate that α, the fraction of capital income from national income, and Γ0, the private savings fraction, are the most significant
factors that determine the dynamics of wealth inequality. For details regarding the sensitivity
calculation, please refer to the Methods section.

Results
Comparison with historical data
A comparison between the model results and 8 decades of the wealth inequality dynamics in
the US is shown in Fig 4. More specifically, we show a comparison with wealth owned by the
top decile in the US in the period 1930–2010 [22]. The results indicate the existence of a very
high correlation (ρ = 0.96) between the modeled simulations and the historical data. This
agreement provides an important test regarding the predictive power of the model. Notably,
using the model we found that the economic mobility plays an essential role in governing
wealth inequality dynamics. More specifically, when economic mobility is not included in the
model, the model-market correlation is ρ = 0.61 vs. ρ = 0.96 in the case that this effector is included (Fig 4).
The effect of economic mobility is more significant when the economy becomes more dominated by the capital income. When max(ΘR) decreases, meaning that the effect of capital income is reduced, the correlation between the model and the market decreases as well. We
considered a calculation in which the economic mobility was removed (P = 0), while changing
the value of max(ΘR) in order to optimize the results when compared to the actual data. The
optimal correlation achieved this way was ρ = 0.86, for max(ΘR) = 1.3 (see Fig 4).
The results in Fig 2 show that the dependence of decile mobility on the individual mobility

P 
probability P approximately follows 91:7 1  e0:098 and reaches an asymptotic value. Therefore, the sensitivity of the model results to the value of the individual mobility probability is
found to be relatively low for P > 0.05. Within the interval 0.05 < P < 0.2 per year (the nominal value is 0.18), the correlation between the modeled top decile share of wealth and the historical data was 0.94 < ρ < 0.96. This indicates that a further increase of mobility is likely to
have a small effect on wealth inequality. Notably, in the current state of decile mobility in the
US, the wealth inequality is almost independent on plausible changes in mobility. This low sensitivity to the mobility probability is also depicted in S2 Fig in the SI.
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Fig 4. The model results for the top 10% share of wealth in the United States during 1930–2010. A: The
results produced by implementing the described model were calculated using the historical data for the
various parameters [22, 23]. These results are presented with economic mobility (P = 0.18 per year) (red).
The historical data (blue) were taken from Saez and Zucman [22]; B-C: The top 10% share of wealth in the
United States with averaged parameters during 1980–2010. The calculations were done for nominal
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parameters (red) and for each parameter, with its values during 1980–2010 taken as their average during
1930–1980, while the other parameters were taken with their nominal historical values. In B—average growth
rate (orange), average α (light green) and average rent income fraction (gray). In C—average savings fraction
(magenta). The dotted gray line separates the calculation using the nominal parameter values and the
averaged parameter value; D: The model results for the top 10% share of wealth for nominal parameters
(P = 0.18 per year) (red) and without economic mobility (P = 0 per year) (dark green). Also presented are the
model results without economic mobility and optimized value of max (ΘR) (dashed dark green). In the
presented calculation max (ΘR) = 1.3.
doi:10.1371/journal.pone.0130181.g004

The good agreement between the model results and the historical data motivated us to take
the analysis a step further and to use the model for two main purposes:
1. Understanding the mechanisms that drive the inequality increase and decrease, particularly
indicating which mechanism is associated with the recent surge in inequality.
2. Making predictions for the future, and specifically determining what set of circumstances
might lead to the reduction of wealth inequality or to its further increase.

The driving mechanisms of wealth inequality
Evident from Fig 1 and a well-known fact is that during the 20th century the wealth inequality
in the US and in most western countries had significantly decreased, mostly during 1940–1970,
and then increased since 1980. The results presented in Fig 4, and the calculated sensitivity values provide an intuition for the mechanisms of wealth inequality decrease and increase. First, it
can be concluded that in general, the wealth inequality tends to decrease as long as the inequality of labor income is lower than the inequality of wealth and the fraction of wealth income
from the total national income (α) is less than 50%. As the savings fraction increases this trend
is accelerated. This functions as the main mechanism which contributes to the decline in
wealth inequality during the period 1930–1980. High growth rates, relatively small α values
and a relatively large savings fraction are responsible for the acceleration of the decline for certain years, most notably following the Second World War. During the period 1980–2010,
growth rates had declined, the fraction α had become slightly larger than before, but most significantly, the savings fraction had dramatically decreased. From 1980 onward, capital income
became dominant, whereas before, labor income was dominant. Though the labor income was
still larger than capital income, the savings fraction had fallen significantly, so that effectively,
capital income was substantially larger than labor income, a condition that naturally causes an
increase of wealth inequality.
In order to support these arguments, we performed several numerical simulations. In each
simulation, one of the parameters was taken as equal to its average during the period 1930–
1980 in the period 1980–2010. These results, presented in Fig 4, confirm our hypothesis—that
the changes in the growth rate during 1980–2010 have a negligible direct effect on the inequality. In addition, although the values of α had become larger during this period, it cannot explain
the dramatic change in the course of inequality. The results demonstrate that the dramatic
changes in the savings fraction had the most crucial role in changing the inequality trend in the
period in discussion. The historical values of the different model parameters are presented in
Fig 5 for the period 1930–2010 in the US.

Assessment of the model’s predictive power
In order to test the predictive power of our model we performed retrospective predictions of
the wealth inequality for two periods: (I) 1980–2010; (II) 2000–2010. The retrospective
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The data were taken from Saez and Zucman [22].
doi:10.1371/journal.pone.0130181.g005
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predictions were done as follows. First, for periods I and II we calculated the wealth inequality
dynamics using the historical values of the different parameters (Fig 4). Second, we calculated
the wealth inequality dynamics for periods I and II for four sets of test parameters (representing different policy scenarios) defined below:
1. Unchanged parameters—The values of the parameters are taken as the averaged value of
the parameters during the preceding periods (1970–1980) and (1990–2000) for periods I
and II, respectively.
2. Decreasing savings scenario—The values of the parameters are taken as described in (1), except for the savings fraction that linearly decreases to 1% at 2010.
3. Decreasing savings, increasing α scenario—The values of the parameters are taken as described in (1), except for the savings fraction that was taken to be linearly decreasing to 1%
at 2010 and the fraction α that was taken to be linearly increasing to 32% at 2010.
4. Increasing savings, decreasing α scenario—The values of the parameters are taken as described in (1), except for the savings fraction that linearly increases to 15% at 2010 and the
fraction α that linearly decreases to 15% at 2010.
The results of these retrospective predictions are presented in Fig 6. The results of such retrospective predictions for additional scenarios are presented in S3 Fig in the SI. These results illustrate the predictive power of the new framework. These results imply that the model may be
used to test the effect of future financial policies, as we describe in the next section.

Estimation of future wealth inequality
Using the modeling framework, and given its reliability, we proceed to make predictions of the
future wealth inequality dynamics in the US. Making such predictions rely, however, on making assumptions on future policy as reflected by the corresponding future model parameters.
So we predicted wealth inequality dynamics for 2010–2030 for the following scenarios:
1. Nominal constant parameter scenario—The values of the parameters are taken as constant
during 2010–2030 and each is equal to its average during the period 2000–2010.
2. Extrapolated parameter scenario—The values of the parameters are linearly extrapolated
during 2010–2030 based on their values during 2000–2010.
3. Increasing α scenario—The values of the parameters are taken as described in (1), except for
the fraction α that linearly increases to 35% at 2030.
4. Increasing savings scenario—The values of the parameters are taken as described in (1), except for the savings fraction that linearly increases to 10% at 2030.
In addition, a simple linear extrapolation of the historical wealth inequality during 2000–
2010 was computed for comparison. These various scenarios can be interpreted as the outcomes of regulation and policy, changes in social structure and various other economic, political and social developments. Such changes and developments are impossible to predict, and
most forecasts are given for a year or two ahead. The probability for each of the various scenarios to occur is not predictable. However, they form a diversified span of possible future outcomes. The model results for the described parameter scenarios are presented in Fig 7. As
expected, if the average of the recent parameter values is taken into account, the wealth inequality is likely to increase at a similar pace as in 2000–2010. However, when extrapolating
the parameters, it remains almost constant during 2010–2030. This is due to the small increase
in private savings fraction following the global financial crisis on one hand, and the increase of
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Fig 6. Retrospective predictions of the wealth inequality in the US. The blue and red curves present the
historical market behavior and the model behavior for the historical values of the parameters, respectively
(see Fig 4). The results for the various scenarios during 1980–2010 (A) and during 2000–2010 (B) are also
presented: Unchanged parameter scenario (solid black curve), decreasing savings scenario (red diamonds),
decreasing savings and increasing α scenario (red stars) and increasing savings and decreasing α scenario
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(green crosses). The significant difference between the results for the increasing savings and decreasing α
scenario in (A) and (B) is due to the fast savings fraction increase in (B) (from 4% to 15% within 10 years),
compared to a mild increase in (A) (from 7% to 15% within 30 years). The dotted gray line separates the
calculation using historical parameter values and the retrospective prediction.
doi:10.1371/journal.pone.0130181.g006

α on the other hand [23]. These two processes restrain one another’s effect. In addition, the results for the increasing α scenario and the increasing savings scenario demonstrate that these
parameters have indeed a large effect on wealth inequality.
A future increase in the wealth owned by the top decile is likely to be accompanied by a decrease in the share of wealth owned by lower deciles, and vice versa, as depicted in Fig 8. These
results demonstrate that reducing the share of wealth owned by the top decile due to one or
some of the mechanisms will clearly lower wealth inequality.

Discussion
We devised a stochastic model for the dynamics of wealth inequality. Using the historical values to estimate the model parameters, we were able to reproduce the historical values of wealth

84
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Extrap. parameters (increasing savings and α)
Increasing savings
Increasing α

76
74
72
70
68
66
64
62
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Year
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2020

2030

Fig 7. Predictions of future wealth inequality. The blue and red curves present the historical and model
results, respectively (see Fig 4). The dashed curves display the predictions of the future inequality. The
results for the various parameter scenarios during 2010–2030 are also presented: extrapolated parameter
scenario (triangles), increasing savings scenario (squares) and increasing α scenario (circles). In addition, a
linear extrapolation of the wealth inequality during 2000–2010 to 2010–2030 is presented as well (dashed
blue curve). The dotted gray line separates the calculation using historical parameter values and the
prediction for future inequality.
doi:10.1371/journal.pone.0130181.g007
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64
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Fig 8. Prediction of the top and mid deciles shares of wealth. The solid red and cyan curves present the
model results for the share of wealth owned by the top and mid deciles, respectively. These results were
calculated using the historical parameter values. The dashed curves display the projections of the future
share of wealth for the nominal constant parameter scenario. The projections of the future share of wealth for
the increasing savings scenario are presented for the top 10% share (black squares) and for the mid 10%
share (black diamonds). The dotted gray line separates the calculation using historical parameter values and
the projection for future inequality.
doi:10.1371/journal.pone.0130181.g008

inequality in the United States during 1930–2010. Based on the simulation results it can be
concluded that within the framework of the parameters taken into account, the effect of the
growth rate on the wealth inequality is minor. The private savings fraction and the fraction of
capital income in the national income (α) were found to be highly influential on wealth inequality, and essentially dominate its dynamics. This conclusion makes it possible to identify
the mechanisms that contribute to the increase and decrease of wealth inequality. It also indicates that in the early 1980s the United States economy gradually switched from being incomedominated [1, 11, 23] to being capital-dominated. In addition, the simulation results demonstrate that under plausible assumptions, the possibility of wealth inequality divergence within
the next few decades can be reversed.
The obtained results imply that the wealth inequality surge in the United States since the
1980s is primarily due to the major decrease in private savings in the same period. The recent
financial crisis, however, led to an increase in private savings back to levels characterizing the
mid-1990s. This makes the crisis an opportunity to reduce inequality if this trend continues. In
addition, the observed behaviors of wealth inequality as well as of private savings in the past
few decades are almost universal. Wealth inequality in most developed countries is gradually
increasing since the 1980s [1]. This increase is accompanied by a decrease in private savings,
especially in the US and Japan [1, 23, 47]. For more information and data please refer to S1 Fig
in the SI.
The measure of wealth inequality that was used in the above-mentioned simulations is the
wealth share owned by the top decile. Different measures can be also used. The Gini coefficient,
for example, produces very similar results to those presented for the wealth share of the top
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decile, with a very high correlation between the historical data and the model results. However,
when the top 0.1% or 0.01% shares of wealth are taken into account, the results diverge from
the historical data. Among those top fractiles, capital income is dominant and the fraction α becomes effectively much larger than 50%, which substantially change the dynamics of wealth accumulation. Moreover, the access to high return investments [1, 11, 45] and the alleged ability
to effect regulation due to wealth [1, 11], naturally contribute to a growing gap even within the
top 10%, 1% or 0.1% [14]. For more information and data please refer to S4 Fig in the SI. We
also note that while economic mobility is usually measured and discussed in terms of labor income, it can be also interpreted in terms of wealth, via the introduction of systemic risk [48].
Systemic risk is likely to have a larger effect within the top fractions of the population compared to its effect within deciles. This is due to the vulnerability of the financial sector to systemic risk relative to other sectors in the economy [48–50]. In addition to systemic risk, other
mechanisms might be successful in explaining the extreme inequality within the top fractiles.
Such an additional mechanism might be preferential attachment, in a way similar to the mechanism presented for network growth or citation networks [51, 52]. This mechanism is sometimes associated with processes characterized by “the rich get richer” behaviors. Such processes
are also known to result in a Pareto tail [13, 14].
The observed results also hint how taxation could be addressed. Income and consumption
taxes effectively reduce the savings fraction and therefore are expected to increase wealth inequality. On the other hand, progressive income tax also reduces the labor income inequality,
and therefore the total effect of such taxation on the wealth inequality cannot be simply determined. Capital gains taxes effectively reduce α and therefore are expected to reduce wealth inequality. In addition, taxation is generally thought to reduce growth rates [53, 54], although
different perspectives can also be found [55]. Judging by the results that imply a relatively weak
effect of the growth rate on wealth inequality, no significant second-order effects on the inequality are expected due to the interplay between growth and taxation. A thorough investigation on the effects of taxation on inequality, using the model, is left for future work.
Reliable modeling of wealth inequality dynamics with models such as this one can serve regulators and policy makers in their efforts to reduce wealth inequality. However, while describing the mechanisms that might contribute to lowering wealth inequality, such as increasing
private savings fraction and eliminating the dominance of capital income over effective labor
income, the implications of such processes on other aspects of the economy were not considered. Such implications should be taken into account when policy and regulation are considered. Notably, substantially increasing private savings might have a major positive effect on
wealth inequality. However, its marginal effect is reduced as the savings rate increases and a
very high rate might also limit the GDP growth [54, 56]. Therefore, optimization between maximizing product growth and controlling wealth inequality can be achieved, leading to the formation of a more successful economy.
More research should be carried out to establish the above: further validation of the model
by considering additional economies; thorough investigation of the effects of taxation on
wealth inequality; incorporating additional factors in the model and quantitative estimation of
the parameter values leading to the decrease of wealth inequality.

Methods
Data retrieval
We used the historical values of several economic properties for the presented model—the historical growth rate, savings fraction and the fraction of capital income from national income in
the United States during 1930–2010. These data, along with the data for the wealth share
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owned by the top decile are by the courtesy of Gabriel Zucman [22, 23]. The data used for the
calculating the proper value of the mobility probability P, were taken from [44]. The dependence of the savings on income decile, taking into account both the disposable income and the
relative saving fraction of each decile originates in [41–43].

The implementation of the individual-based stochastic model
The presented model was implemented by a numerical simulation. Each individual was given
an initial wealth and an initial annual income, randomly distributed according the known distributions for the United States [22, 57]. The initial value distributions are important, since the
large difference between the inequality of wealth and income is an important factor in the dynamics of wealth inequality. Following Eqs (1–2), at every time step, equivalent to one year, the
wealth and labor income of each individual were updated. As previously stated, the values
wealth and income were normalized so that the given value of α was exercised. In addition, following the update of the labor income of the whole population, the values within each decile
were multiplied by a factor close to 1, so that the historical inequality value of labor income
was maintained.
Following the propagation of wealth and labor income of each individual, the division of the
population to deciles in income and wealth was done. An important detail is that the time
propagation was done for the whole population and not for each individual separately. Otherwise, the division to deciles could not have been properly done, distorting the simulation results. Following the division to deciles, the share of wealth owned by the top wealth decile, was
calculated. The described procedure was done for each time step until the end of the available
data.
Due to the randomly distributed initial values of wealth and income, and due to the stochastic nature of the implemented economic mobility, each run of the simulation produces slightly
different results, given the same parameters. Therefore, a sufficient population size should be
taken in order to obtain consistent results. We used a population of N = 107 individuals, which
provided an average difference of less than 0.1% in wealth inequality between two independent
runs of the simulation.

g~ calculation
In order to calculate the labor income effective growth rate g~, let us denote the GDP real
growth rate as g(n), the total national income as T(n), the total income gained from wealth as r
(n)W(n) and the total labor income by L(n). We obtain 4 simple relations:
rðnÞWðnÞ þ LðnÞ ¼ TðnÞ
rðn þ 1ÞWðn þ 1Þ þ Lðn þ 1Þ ¼ Tðn þ 1Þ
Tðn þ 1Þ=TðnÞ ¼ 1 þ gðnÞ

ð3Þ

Lðn þ 1Þ=LðnÞ ¼ 1 þ g~ðnÞ :
ðnÞW ðnÞ
ðnÞ
In addition, given that aðnÞ ¼ rðnrÞW
, we obtain the relation rðnLÞW
þ 1 ¼ TLððnnÞÞ ¼ 1a1ðnÞ.
ðnÞþLðnÞ
ðnÞ
1þg ðnÞ
1aðnÞ
¼ 1a
. Finally, the labor income effective
Considering the relations in 3, we now get 1þ~
g ðnÞ
ðnþ1Þ

growth rate g~ is obtained:
g~ðnÞ ¼ ð1 þ gðnÞÞ
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The value of g~ is very close to the value of the real growth rate, as the change in α between
consecutive years is mild.

Normalization factor calculation
The distributions of income and wealth are properly normalized each time step of the model
run. In order to perform this normalization, we use the factor κ(n) (see Eq (1)). The normalization is implemented under the constraint that the historical values of α, the fraction of capital
income from national income are maintained. This way, together with the calculated value of
g~, the time propagation of the labor income is proper.
P
R0 ðnÞ
Wi ðnÞ
i P
. In addition, β(n), the ratio between total wealth
By definition, aðnÞ ¼ R ðnÞP W ðnÞþ
L ðnÞ
0
i i
i i
P
Li ðnÞ
ðnÞ
. Comand national income at time step n equals α(n)/R0(n) [1]. It follows that P iW ðnÞ ¼ 1a
bðnÞ
i

bining these relations together with Eq (1) we get the constraint:
P
bðnÞ
i Li ðnÞ
P
:
kðnÞ ¼
1  aðnÞ i Wi ðnÞ

i

ð5Þ

Sensitivity calculation
Let us denote the model results for wealth inequality by S(t), measured by the wealth share of
the top 10%. It is now possible to define the sensitivity of S(t) to each parameter X(t) for time t
@Sðt Þ
. All parameters are found to have an effect on wealth inequality, but the
by: VX ðt Þ ¼ XSððttÞÞ @X
ðt Þ
magnitudes of these effects differ considerably. We found that on average, Vα(t) = 0.6, meaning
that a relative change of 1% in α is likely to result in an increase of approximately 0.6% in
wealth inequality. Additionally, VΓ0(t) = −0.4, Vη(t) = −0.1 and Vg(t) = 510−4.

Supporting Information
S1 Fig. Wealth inequality in different countries. A: The private savings fraction is presented
for the United States (blue), France (light blue), Germany (yellow), Italy (green) and Japan
(dashed red) for 1975–2010. The data is taken from [23]; B: The top 10% share of wealth is presented for the United States (blue curve) for 1930–2010, as well as for Denmark (red square),
France (light blue circle), Germany (yellow circle), Italy (green circle) and Japan (red circle) in
2000. The data is taken from [40]. This figure displays once again the link between private savings and wealth inequality. In addition, it shows that low income inequality does not necessarily imply low wealth inequality, as demonstrated by Denmark. In Denmark, the income
inequality is one of the lowest in the world, while the level of wealth inequality is one of the
highest in the world [39, 40].
(PDF)
S2 Fig. The correlation between wealth and labor income. The correlation is presented for
1970 (blue) and for 2010 (black) as a function of the mobility probability P. The dashed red
curves demonstrate that the correlation is inversely proportional to the square of the mobility
probability. The figure demonstrates that the sensitivity of this correlation to the value of P becomes very low at about P = 0.1.
(PDF)
S3 Fig. Retrospective predictions of wealth inequality in the US. The blue and red curves
present the historical market behavior and the model behavior for the historical values of the
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parameters, respectively (see Fig 4). The results for the various scenarios during 1980–2010 (A)
and during 2000–2010 (B) are also presented: Unchanged parameter scenario (solid black
curve), increasing savings scenario (green squares), decreasing savings scenario (red diamonds), increasing α scenario (red triangles), decreasing savings scenario (green circles), increasing savings and decreasing α scenario (green crosses) and decreasing savings and
increasing α scenario (red stars). The dotted gray line separates the calculation using historical
parameter values and the retrospective prediction.
(PDF)
S4 Fig. Wealth inequality among top wealth fractiles in the United States 1930–2010. A-D:
The historical share of wealth (blue) and the model results (red) owned by the top 10% of the
population (A), the top 1% (B), the top 0.1% (C) and the top 0.01% (D). The historical data
was taken from Saez and Zucman [22]. The results imply that different mechanisms govern the
accumulation of wealth within the top fractiles of the population compared to within the vast
majority of the population. Among the top fractiles, capital income is dominant and the fraction α becomes effectively much larger than 50%, which substantially change the dynamics of
wealth accumulation. Moreover, the positive correlation between wealth and return on wealth
[1, 11, 45] naturally contribute to a growing gap within the top 10%, 1% or 0.1%. We also note
that the discrepancy between the model results and the data might be contributed to inaccurate
data. Due to the smaller values, the data are more sensitive to errors. In addition, there exists a
debate regarding the data provided by Saez and Zucman [22], which are inconsistent with
other sources of wealth data [7].
(PDF)
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